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Abstract
We construct for all N a solution of the Frenkel–Moore N–simplex equation which
generalizes the R–matrix for the Jordanian quantum group.
† On leave from P.N. Lebedev Physical Institute, Theoretical Department, 117924 Moscow, Leninsky
prospect 53, Russia
1 Introduction
The quantum Yang–Baxter, or triangle equation can be included as a first member in a
sequence of simplex equations. There are several ways of defining higher simplex equa-
tions. In this letter we investigate a version of an N -simplex equation suggested in [1].
This is an equation for an operator in the N -th power V ⊗N of a space V , that is, for a
tensor Rα1...αNβ1...βN . Denote by Ri the operator
(Ri)
α1...αN+1
β1...βN+1
= R
α1...αˆi...αN+1
β1...βˆi...βN+1
δαiβi , (1)
where the hat over an index means that this index is omitted. The quantum N–simplex
equation of [1] has the form
R1R2 . . . RN+1 = RN+1RN . . . R1 . (2)
For N = 2 one recovers the standard Yang-Baxter equation.
The unit tensor satisfies (2). For R a deformation of the unit solution with parameter
h¯, R = 1+h¯r+O(h¯2), the expansion of (2) gives in the second order in h¯ the corresponding
classical N -simplex equation
N+1∑
i<j
[ri, rj] = 0 , (3)
and R is called a quantization of a classical solution r.
Solutions of the quantum Yang–Baxter equation give rise to matrix quantum groups.
For dim V = 2 there are two types of SL quantum groups [2, 3]. One is the standard
SLq(2), another one is the Jordanian quantum group SL
J(2).
Frenkel and Moore [1] investigated theN -simplex generalization of the R-matrix giving
rise to SLq(2). They found that the corresponding solutions of the classical N -simplex
equations exist for all N . It turned out however that the solutions do not admit a
quantization for N ≥ 4.
In this Letter we investigate an N -simplex generalization of the Jordanian R-matrix.
The classical Jordanian r–matrix is a limiting case of the nondegenerate SLq(2) r–matrix.
The interesting property is that it can be quantized for any N , giving rise to nontrivial
1
solutions of the quantum N -simplex equation. The quantum Jordanian R–matrix turns
out simply to be the exponent of the classical one.
2 Jordanian solution of the classical simplex equation
The Jordanian deformation of SL(2) is induced by the deformation of the Borel subalgebra
[4]. In the matrix form, the classical Jordanian r–matrix, r = h ⊗ e − e ⊗ h, includes
only two generators h, e of sl(2), h =
(
1 0
0 −1
)
, e =
(
0 1
0 0
)
. We will need only the
algebraic properties of these matrices: he = −eh = e, e2 = 0, h2 = 1. Define operators
acting in V ⊗N :
hNn = 1⊗ . . .⊗ h⊗ . . .⊗ 1 (h in the n-th position)
eNn = (−1)
n1⊗ . . .⊗ e⊗ . . .⊗ 1 (e in the n-th position) (4)
HN = h⊗ h⊗ . . .⊗ h .
We will use these definitions for different values of N . When there is no possibility of
confusion we omit the superscript N . We call an operator
r = H
N∑
n=1
en (5)
a Jordanian classical r–matrix.
Inserting the identity in the i-th place turns an operator eNn into e
N+1
n or (−e
N+1
n+1 )
depending on whether n < i or n ≥ i. We have
ri = h
N+1
i H
N+1
N+1∑
n=1
σine
N+1
n , (6)
where σij = −1, 0,+1 for i < j, i = j, i > j respectively.
The r-matrix (5) satisfies the classical N -simplex equation:
N+1∑
i<j
[ri, rj] = −
N+1∑
i<j
N+1∑
m,n
σinσjm[hien, hjem] = −
N+1∑
i 6=j
N+1∑
n
2σinhjeien = 0 . (7)
2
3 Quantization
For quantum groups, the explicit formulas for deformation of Lie bialgebras [5] to the
third order in h¯ implies that R = eh¯r = 1 + h¯r + 1
2
h¯2r2 + ... satisfies the quantum Yang-
Baxter equation up to order h¯3. A direct calculation shows that this holds for simplex
equations as well: if r satisfies the classical simplex equation (3), then R = eh¯r satisfies
the quantum simplex equation (2) up to order h¯3.
We are going to prove that for the Jordanian solution the exponent of the classical r
solves the quantum Yang-Baxter equation to all orders in h¯.
The elements Hen commute. Since they are nilpotent, the R-matrix is actually a
polynomial in h¯,
R = eh¯r = eh¯H
∑
N
n=1
en =
N∏
n=1
eh¯Hen =
N∏
n=1
(1 + h¯Hen) . (8)
Put
En = h¯Hen . (9)
The elements En, hn satisfy the same algebra as en, hn: hnEn = −Enhn = En; hnEm =
Emhn, n 6= m; EnEm = EmEn, n 6= m; E
2
n = 0.
In this notation,
Ri = e
h¯ri =
N+1∏
n=1
(1 + hN+1i σinE
N+1
n ) . (10)
We first prove a preparatory Lemma.
Lemma. The operator
∏N+1
n=1 (1 + En) commutes with R1 . . . RN+1,
[
N+1∏
n=1
(1 + En) , R1R2 . . . RN+1] = 0 . (11)
Proof. Denote the result of moving Ek through R1 . . . RN+1 by Ck,
EkR1 . . . RN+1 = R1 . . . RN+1Ck . (12)
We will derive a recursion formula for Ck and prove that
∏
k(1 + Ck) =
∏
k(1 + Ek).
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We have
Ei(1 + hiσinEn) = (1 + hiσinEn)Ei(1− 2σinEn) . (13)
The element 1− 2σinEn commutes with each factor in Ri, therefore
EiRi = RiEi
∏
n
(1− 2σinEn) . (14)
For i 6= j we have
EiRj = RjEi . (15)
Moving Ei through R1...RN+1 and using (14), (15), we obtain immediately a recursion
relation
Ck = Ek
∏
i<k
(1− 2Ei)
∏
j>k
(1 + 2Cj) . (16)
Since Ck is proportional to Ek, we have C
2
k = 0, and (1 + 2Cj)
−1 = 1− 2Cj. Multiplying
(16) by
∏
j≤k(1 + 2Cj), we find
Ck
∏
j<k
(1 + 2Cj) = Ek
∏
i<k
(1− 2Ei)D , (17)
where D =
∏N+1
j=1 (1 + 2Cj). Summing over k, and using easily checked identities
2
∑
k
Ck
∏
j<k
(1 + 2Cj) =
∏
k
(1 + 2Ck)− 1 , 2
∑
k
Ek
∏
j<k
(1− 2Ej) = 1−
∏
k
(1− 2Ek) , (18)
we obtain D−1 =
∏
(1 − 2Ej), or, taking inverses, D =
∏
(1 + 2Ej). For nilpotent ǫ the
expansion (1 + ǫ)1/2 = 1 + 1/2ǫ − 1/8ǫ2 + ... terminates. Using this expression for the
square root of both sides of D =
∏
(1 + 2Ej), we find
∏
k
(1 + Ck) =
∏
k
(1 + Ek) . (19)
The proof is finished.
Theorem. The R-matrix (8) solves the quantum N-simplex equation (2).
Proof. Using H(1 + h¯Hen) = (1 − h¯Hen)H and H
2 = 1 we find R−1 = HRH for the
R-matrix (8). Therefore we can rewrite the quantum N–simplex equation in the form
(HR1R2 . . . RN+1)
2 = 1 . (20)
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Decomposing H into the product of hi, H =
∏N+1
i=1 hi and moving every hi to the corre-
sponding Ri, we rewrite the simplex equation once more:
(XN+11 X
N+1
2 . . .X
N+1
N+1 )
2 = 1 , (21)
where
XN+1i = hi
N+1∏
n 6=i
(1 + hiEn) (22)
We will prove (21) by induction in N . For N = 1 the equation is easily verified. Now
we expand XN+1i = (X
N
i ⊗ 1)(1 + hiEN+1), i < N + 1. We will write X
N
i instead of
XNi ⊗ 1. Then
(XN+11 X
N+1
2 . . .X
N+1
N+1 )
2 = (XN1 (1+h1EN+1) . . .X
N
N (1+hNEN+1)hN+1
N∏
n=1
(1+hN+1En) )
2 ,
(23)
which after moving hN+1 to the right and using h
2
N+1 = 1 gives
XN1 (1 + h1EN+1) . . .X
N
N (1 + hNEN+1)
N∏
n=1
(1 + hN+1En)
× XN1 (1− h1EN+1) . . .X
N
N (1− hNEN+1)
N∏
m=1
(1 + hN+1Em) .
We have
XNi (1 + hjEN+1) = (1− 2hiEjEN+1)(1 + hjEN+1)X
N
i .
Therefore
XN1 (1 + h1EN+1) . . .X
N
N (1 + hNEN+1)
=
N∏
i=1
(1 + hiEN+1)
N∏
i1<i2
(1− 2hi1Ei2EN+1)
N∏
i1<i2<i3
(1 + 4hi1Ei2Ei3EN+1) . . .X
N
1 . . .X
N
N
=
N∏
k=1
[1 + hk
N∏
i>k
(1− 2Ei)EN+1] X
N
1 . . .X
N
N .
Analogously,
XN1 (1− h1EN+1) . . .X
N
N (1− hNEN+1)
= XN1 . . .X
N
N
N∏
k=1
[1− hk
N∏
i<k
(1 + 2Ei)EN+1] .
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Hence
(XN+11 . . . X
N+1
N+1 )
2 =
N∏
k=1
[1 + hk
N∏
i>k
(1− 2Ei)EN+1] X
N
1 . . .X
N
N
N∏
n=1
(1 + EnhN+1)
× XN1 . . . X
N
N
N∏
l=1
[1− hl
N∏
j<l
(1 + 2Ej)EN+1]
N∏
m=1
(1 + EmhN+1). (24)
By the Lemma, R1...RN+1 commutes with
∏
(1+En), and therefore with (
∏
(1+En))
−1 =
∏
(1− En) as well. For the operators X
N+1 this amounts to
N+1∏
n=1
(1± En) X
N+1
1 . . .X
N+1
N+1 = X
N+1
1 . . .X
N+1
N+1
N+1∏
m=1
(1∓ Em) . (25)
Since the operators XNi do not touch the (N + 1)-th space, and hN+1 takes values ±1 on
the (N + 1)-th space, we can rewrite (25) for N in the form
N∏
n=1
(1 + EnhN+1) X
N
1 . . .X
N
N = X
N
1 . . .X
N
N
N∏
m=1
(1− EmhN+1) . (26)
Using (26) and the induction assumption for N − 1 we find that the right hand side of
(24) equals
N∏
k=1
[1 + hk
N∏
i>k
(1− 2Ei)EN+1]
N∏
n=1
(1− EnhN+1)
×
N∏
l=1
[1− hl
N∏
j<l
(1 + 2Ej)EN+1]
N∏
m=1
(1 + EmhN+1) . (27)
Finally,
N∏
n=1
(1− EnhN+1)
N∏
l=1
[1− hl
N∏
j<l
(1 + 2Ej)EN+1]
N∏
m=1
(1 + EmhN+1)
=
N∏
n=1
(1− EnhN+1) [1−
N∑
l=1
hl
N∏
j<l
(1 + 2Ej)EN+1]
N∏
m=1
(1 + EmhN+1)
= 1−
N∏
n=1
(1−En)(
N∑
l=1
hl
N∏
j<l
(1 + 2Ej)EN+1)
N∏
m=1
(1−Em)
= 1−
N∑
l=1
hl
N∏
j≤l
(1 + 2Ej)
N∏
n=1
(1− En)EN+1
N∏
m=1
(1−Em)
= 1−
N∑
l=1
hl
N∏
j>l
(1− 2Ej)EN+1
=
N∏
l=1
[1− hl
N∏
j>l
(1− 2Ej)EN+1] . (28)
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In the second equality we used hN+1EN+1 = −EN+1hN+1 = EN+1. The element hl does
not commute with El, which changes the summation over j < l to j ≤ l in the third
equality.
Therefore, expression (27) equals 1, which finishes the proof of the Theorem.
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